
S�`iB�H .2`Bp�iBp2b BM 1+QMQKB+b

L�K2 J�DQ` aim/2Mi A.
Ç Cmbi �b /2`Bp�iBp2b /2b+`B#2 ǳK�`;BM�HǴ +Qbi 7Q` bBM;H2 p�`B�#H2 +Qbi 7mM+iBQMb- T�`iB�H /2`Bp�@

iBp2b Q7 T`Q/m+iBQM 7mM+iBQMb +�M /2b+`B#2 K�`;BM�H T`Q/m+i Q7 /Bz2`2Mi BMTmibX

Ç 6Q` 2t�KTH2- i?2 QmiTmi [m�MiBiv Q K�v /2T2M/ QM H�#Q` L �M/ +�TBi�H K r?B+? Bb
/2MQi2/ �b Q = F (L,K)X h?2 K�`;BM�H T`Q/m+i Q7 H�#Q` UJSGV Bb i?2 +?�M;2 BM
QmiTmi /m2 iQ �M �//BiBQM�H mMBi Q7 H�#Q` r?B+? Bb ∆Q = F (L∗ + 1, K∗)− F (L∗, K∗).

Ç A7 i?2 BMTmi Bb /BpBbB#H2- r2 +�M H2i Bi #2 �b bK�HH �b r2 r�Mi- i?2M i?2 K�`;BM�H T`Q/m+i Q7
H�#Q` Bb /2}M2/ �b i?2 HBKBi Q7 i?2 `�iBQ Q7 +?�M;2 BM QmiTmi �M/ +?�M;2 BM H�#Q` r?B+? Bb

lim
∆L→0

∆Q

∆L
=

F (L∗ +∆L,K∗)− F (L∗, K∗)

∆L
=

∂F

∂L
(L∗, K∗).

Ç AM i?2 b�K2 r�v- r2 /2}M2 i?2 K�`;BM�H T`Q/m+i Q7 +�TBi�H UJSEV �b i?2 T�`iB�H
/2`Bp�iBp2 Q7 i?2 T`Q/m+iBQM 7mM+iBQM rBi? `2bT2+i iQ KX

RX *QMbB/2` i?2 *Q##@.Qm;H�b T`Q/m+iBQM 7mM+iBQM Q = F (L,K) = 3L
1
3K

2
3 X

U�V q?�i Bb i?2 QmiTmi Q r?2M L = 125 �M/ K = 1000\ *QKTmi2 i?2 K�`;BM�H T`Q/m+i
Q7 H�#Q` �M/ K�`;BM�H T`Q/m+i Q7 +�TBi�H �i (L,K) = (125, 1000)X

U#V lb2 HBM2�` �TT`QtBK�iBQM iQ 2biBK�i2 i?2 T`Q/m+iBQM Q r?2M L = 128 �M/ K = 998X
h?2M +QKTmi2 F (128, 998) rBi? � +�H+mH�iQ`X

kX h?2 �p2`�;2 T`Q/m+i Q7 H�#Q` Bb F (L,K)

L
- �M/ i?2 �p2`�;2 T`Q/m+i Q7 +�TBi�H Bb F (L,K)

K
X

U�V 6BM/ �HH T`Q/m+iBQM 7mM+iBQMb bm+? i?�i JSG Bb T`QTQ`iBQM iQ i?2 �p2`�;2 T`Q/m+i Q7
H�#Q` BX2X ∂F

∂L
= αL

F (L,K)

L
7Q` bQK2 +QMbi�Mi αL > 0X

U#V 6Q` +QMbi�Mib αL,αK > 0- +QMbB/2` T`Q/m+iBQM 7mM+iBQMb b�iBb7vBM; i?2 T`QT2`iB2b,

R

F( 125
,
1 000 ) = 3 (125粙 ( 1000)"ԧ = 1 5 00

.

ૣ
=4

.

ࡱ = ࠃ2֖ 咳 ( 125, ஞ,碕 = ǗKĪ
, Ᏺ ( 125, looo) =

"

=
2 = 1

Thelīuearappwximatuof Fat ( 125, 1000) i S

F( 1 25, 1 000 ) + E ( 125, 1000) ( L- 1 25 ) + 蜤 ( 1 25, 1000) ( K- 1000 )
= 1 500 +4 ( L- 1ૣ ) t ( K- 1 000 ) 牐

Heuce FC128,998)= 1 500 +4×3穉2) = 1 5 10

Wolframealphagives theanswer FC128,998 ) = 1 5 09.888714 …

If Ᏺ = ᨗ
,
theu ᶪ ԫ Ո犜 ie 趟 ( GF ) =  趟 ( ln (D).

⇒ 趟 (GF - hlh ) = 0 whichmeansthū h
࿆ஞ dependsonvaviable
L22

Konly . Thus Flhk )
n

= 9 (k ) trsmefunhnofkaud FCL
, K )= E.gg



BX w2`Q QmiTmi r?2M QM2 H�+Fb �Mv Q7 i?2 BMTmib, F = 0 B7 L = 0 Q` K = 0X

BBX JSG Bb T`QTQ`iBQM iQ i?2 �p2`�;2 T`Q/m+i Q7 H�#Q`, ∂F

∂L
= αL

F (L,K)

L
X

BBBX JSE Bb T`QTQ`iBQM iQ i?2 �p2`�;2 T`Q/m+i Q7 +�TBi�H, ∂F

∂K
= αK

F (L,K)

K
X

a?Qr i?�i i?2 *Q##@.Qm;H�b T`Q/m+iBQM 7mM+iBQM F (L,K) = ALαLKαK , A = +QMbi�Mi-
Bb i?2 QMHv 7mM+iBQM i?�i b�iBb}2b i?2b2 T`QT2`iB2bX
A7 r2 7m`i?2` `2[mB`2 F (λL,λK) = λF (L,K) 7Q` �HH λ > 0 UBM i?Bb +�b2- F Bb b�B/ iQ
?�p2 +QMbi�Mi `2im`Mb iQ b+�H2V- r?�i Bb αL + αK\

6Q` � T`Q/m+iBQM 7mM+iBQM- i?2 J�`;BM�H _�i2 Q7 am#biBimiBQM UJ_aV Q7 Bib BMTmib Bb i?2
`�iBQ Q7 K�`;BM�H T`Q/m+ibX aT2+B}+�HHv- 7Q` T`Q/m+iBQM 7mM+iBQM F (L,K) i?2 J_a #2ir22M H�#Q`
L �M/ +�TBi�H K Bb MRSLK =

MPL

MPK
r?2`2 MPL =

∂F

∂L
�M/ MPK =

∂F

∂K
X

RX *QMbB/2` i?2 H2p2H +m`p2 UBM/Bz2`2M+2 +m`p2V F (L,K) = Q0X *QKTmi2 i?2 bHQT2 Q7 Bib
i�M;2Mi HBM2- dK

dL
- BM i2`Kb Q7 MRSLK X q?�i Bb i?2 2+QMQKB+ K2�MBM; Q7 i?Bb bHQT2\

kX :Bp2M F (L,K) = L
1
3K

2
3 - +QKTmi2 MRSLK �i (L,K) = (125, 1000)X 6BM/ i?2 i�M;2Mi HBM2

Q7 H2p2H +m`p2 F (L,K) = 500 �i (L,K) = (125, 1000) �M/ /2i2`KBM2 +QM+�pBiv Q7 i?2 H2p2H
+m`p2X

k

Fnm # 2 (a) , weknowthci :) impkesthlihk ) = Ügck ) , whevegck )issomefunctiouofkonly.tlenu
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Mpk
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J2i?Q/ Q7 G�;`�M;2 JmHiBTHB2`b BM 1+QMQKB+b

L�K2 J�DQ` aim/2Mi A.
*QMbB/2` i?2 T`Q/m+iBQM 7mM+iBQM q = f(L,K)- r?2`2 L Bb i?2 �KQmMi Q7 H�#Q` mb2/ �M/ K Bb i?2
�KQmMi Q7 +�TBi�H BMp2bi2/X :Bp2M i?�i i?2 mMBi +Qbi Q7 H�#Q` Bb PL �M/ i?2 mMBi +Qbi Q7 +�TBi�H
Bb PK - i?2 iQi�H +Qbi Q7 T`Q/m+iBQM Bb g(L,K) = PL · L+ PK ·KX � }`K K�v r�Mi iQ K�tBKBx2
T`Q/m+iBQM mM/2` }t2/ #m/;2i Q` KBMBKBx2 +Qbi mM/2` }t2/ T`Q/m+iBQMX
hQ bQHp2 i?2b2 QTiBKBx�iBQM T`Q#H2Kb- r2 M22/ i?2 K2i?Q/ Q7 G�;`�M;2 KmHiBTHB2`bX

RX a?Qr i?�i r?2M i?2 K�tBKmK T`Q/m+iBQM mM/2` }t2/ #m/;2i UQ` i?2 KBMBKmK +Qbi mM/2`

}t2/ T`Q/m+iBQMV Bb Q#i�BM2/ �i (L∗,M∗)- r2 ?�p2
∂f
∂L(L

∗, K∗)

PL
=

∂f
∂K (L∗, K∗)

PK
X q?�i Bb i?2

2+QMQKB+ BMi2`T`2i�iBQM Q7 i?Bb 2[m�iBQM\

kX *QMbB/2` i?2 *Q##@.Qm;H�b T`Q/m+iBQM 7mM+iBQM q = f(L,K) = ALαK1−α- r?2`2 A > 0-
0 < α < 1 �`2 +QMbi�MibX LQr i?2 #m/;2i Bb }t2/- PL · L + PK · K = I- r?2`2 I Bb �
+QMbi�MiX

U�V 6BM/ i?2 K�tBKmK T`Q/m+iBQM qmax BM i2`Kb Q7 I �M/ αX 6BM/ i?2 �KQmMi Q7 H�#Q` �M/
+�TBi�H (L∗, K∗) r?B+? ;Bp2b i?2 K�tBKmK T`Q/m+iBQM �M/ i?2 G�;`�M;2 KmHiBTHB2`
λ∗ �i i?2 K�tBKmK TQBMiX

U#V *QKTmi2 ∂qmax

∂I
X 6BM/ i?2 `2H�iBQM #2ir22M ∂qmax

∂I
�M/ i?2 G�;`�M;2 KmHiBTHB2` λ∗X

R

ᮬ聲䒍

Bythemethodoflagrangemultipkers ,ifthemuximumproductionundrfixedbudget.isobtainedatclt, k) , ffci ,☆ ) = 獈 5 gc,☆ ,whichmeansthatfl.lt
,
Ǜ ) = 獈 .PL

, fk ( 蝈, 粙) = 獈 PK.Thusfrllt-fr.cl#-nPL=Pk0
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jX h?2M bmTTQb2 i?�i i?2 T`Q/m+iBQM Bb }t2/- q = f(L,K) = ALαK1−α- r?2`2 q Bb � +QMbi�MiX

U�V 6BM/ i?2 KBMBKmK +Qbi Imin BM i2`Kb Q7 q �M/ αX
U#V 6Q` }t2/ α- }M/ i?2 `2H�iBQM #2ir22M qmax(I) U7`QK T`Q#H2K kV �M/ Imin(q) U7`QK

i?Bb T`Q#H2KVX

9X *QMbB/2` i?2 T`Q/m+iBQM 7mM+iBQM q = f(L,K) = L
1
2 +K

1
2 X 6BM/ (L∗, K∗) i?�i K�tBKBx2b

q bm#D2+i iQ i?2 #m/;2i +QMbi`�BMi PLL+ PKK = I- r?2`2 PL, PK > 0 �`2 +QMbi�MibX

U�V A7 PL < PK - rBHH L∗ > K∗ Q` L∗ < K∗\

U#V a?Qr i?�i L∗

K∗ `2K�BMb i?2 b�K2 MQ K�ii2` ?Qr i?2 #m/;2i I p�`B2b- BX2X i?2 T`272`2M+2
#2ir22M H�#Q` �M/ +�TBi�H Bb BMp�`B�MiX

U+V *QMbB/2` � KQ`2 ;2M2`�H T`Q/m+iBQM 7mM+iBQM f(L,K) = Lα +Kα- r?2`2 α > 0 Bb �
+QMbi�MiX qBHH L∗

K∗ `2K�BM i?2 b�K2 MQ K�ii2` ?Qr I p�`B2b \

k

Iftheminimumcostoccursat ஞ, K*) , Ü, Ǜzo

then ffgclt (ޔ, = 獈(ࣁ,ڇ R = a Ax4ྍࣖ Ӟ,
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Notethatifi Emax") : 肿蝡ᓕ粙 then Imii ک ԫ Iiei

Iminlqmax (I) ) = I ,

(a) let 9 (LM ) = RLtPK-k.cngsof.es {
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⇒ { အ粙 = 獈 R - D D

( 缏
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,
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,

(b) Forauyconstaut I , 缛 = (磧fisfixed.cc
) Supposethatfchk ) ԫ Lhdrsomex > 0 ,

Theu
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�TTHB+�iBQMb BM S`Q#�#BHBiv AA
L�K2 J�DQ` aim/2Mi A.

Ç *QMbB/2` `�M/QK p�`B�#H2b Xi, 1 ≤ i ≤ n i?�i i�F2 p�Hm2b QM `2�H MmK#2`bX amTTQb2 i?�i
f(x1, x2, . . . , xn) Bb �M MQMM2;�iBp2 7mM+iBQM /2}M2/ QM Rn bm+? i?�i

Ĝ
∫
· · ·

∫

Rn

f(x1, . . . , xn) dx1 · · · dxn = 1X

Ĝ 6Q` �Mv bm#b2i V ⊂ Rn- i?2 T`Q#�#BHBiv Q7 (X1, . . . , Xn) ∈ V Bb

P ((X1, . . . , Xn) ∈ V ) =

∫
· · ·

∫

V

f(x1, . . . , xn) dx1 · · · dxn.

h?2M f(x1, . . . , xn) Bb +�HH2/ i?2 DQBMi T`Q#�#BHBiv /2MbBiv 7mM+iBQM UDQBMi TX/X7XV Q7
X1, . . . , XnX

Ç amTTQb2 i?�i 2�+? `�M/QK p�`B�#H2 Xi ?�b T`Q#�#BHBiv /2MbBiv 7mM+iBQM fi(xi)X A7 i?2 DQBMi
TX/X7X f(x1, . . . , xn) = f1(x1) · f2(x2) · · · fn(xn)- i?2M r2 b�v i?�i i?2 `�M/QK p�`B�#H2b
X1, . . . , Xn �`2 Kmim�HHv BM/2T2M/2MiX

Ç 6Q` Kmim�HHv BM/2T2M/2Mi `�M/QK p�`B�#H2b X1, . . . , Xn- r2 �`2 BMi2`2bi2/ BM i?2 M2r `�M@
/QK p�`B�#H2 Z = X1 +X2 + · · · +XnX 6Q` 2t�KTH2- r2 rQmH/ HBF2 iQ /2`Bp2 i?2 TX/X7X Q7
ZX >2M+2 r2 M22/ iQ }M/ Bib /Bbi`B#miBQM 7mM+iBQM- F (z) = P (Z ≤ z)- �M/ i2+?MB[m2b Q7
KmHiBTH2 BMi2;`�Hb �M/ +?�M;2 Q7 p�`B�#H2b �`2 `2[mB`2/X

RX amTTQb2 i?�i `�M/QK p�`B�#H2b X, Y �`2 BM/2T2M/2Mi rBi? TX/X7X fX(x), fY (y) `2bT2+iBp2HvX
G2i Z = X + Y X

U�V _2T`2b2Mi P (Z ≤ z) �b � /Qm#H2 BMi2;`�H-
∫∫

S

fX(x)fY (y)dAX .`�r i?2 `2;BQM SX

U#V h`v i?2 +?�M;2 Q7 p�`B�#H2b u = x+ y, v = xX *QKTmi2 i?2 C�+Q#B�M ∂(x, y)

∂(u, v)
X _2r`Bi2

P (Z ≤ z) �b
∫ b

a

∫ d

c

g(u, v) dvduX

U+V .2`Bp2 i?2 TX/X7X Q7 ZX a?Qr i?�i d

dz
P (Z ≤ z) =

∫ ∞

−∞
fX(v)fY (z − v) dv

R

PLZEZ ) = P ( XtYEZ ) = yfxcxifcy ) dA ,
where

yn
sxSistheregim {ஞ4) Xty EZ ԧ

牐 S xtyit

X = 0 7 (ஞ ){ y =u-v.su ,犥ԫ 1 ஞ ஞguy.li ڊ1 1
= - 1 .Scorrespmdsttheregion Riutheurplane , whene

☆ R = {ஞஞ ) 1 UEZ ԧ .

Henu PCZEZ ) =1Sfxsf (9) dA
s Y

R
= 1{ஞ)f (ஞ) |瑊߽, 1dA-ljffinfwndvduhw-ZThep.de

fof Zisf PCZEZ ) = fǐffihíwndvdu
__

=ffivyfcz-vydvg.no
(Bythe Fundametd Theoremof Cakuj



U/V a?Qr i?�i d

dz
P (Z ≤ z) =

∫ ∞

−∞
fX(z − v)fY (v) dvX U>BMi, h`v i?2 bm#biBimiBQM

u = x+ y, v = yXV

kX 1t�KTH2b rBi? MQ`K�H /Bbi`B#miBQMb,

U�V amTTQb2 i?�i fX(x) =
1√
2πσ1

e
− x2

2σ2
1 - �M/ fY (y) =

1√
2πσ2

e
− y2

2σ2
2 X 6BM/ i?2 TX/X7X Q7

Z = X + Y X

U#V amTTQb2 i?�i fXi(xi) =
1√
2πσ

e−
x2i
2σ2 - 7Q` 1 ≤ i ≤ n- �M/ X1, . . . , Xn �`2 Kmim�HHv

BM/2T2M/2MiX 6BM/ i?2 TX/X7X Q7 Z = X1 +X2 + · · ·+XnX

jX amTTQb2 i?�i 7Q` 1 ≤ i ≤ n- fXi(xi) = e−xi B7 xi ≥ 0 �M/ fXi(xi) = 0 B7 xi < 0- �M/ X1, . . . Xn

�`2 Kmim�HHv BM/2T2M/2MiX 6BM/ i?2 TX/X7X Q7 Z2 = X1 +X2 �M/ Zn = X1 + · · ·+XnX

k

Thesubstittnuixtyviy ⇐> xuw , y =0 .

2 (ஞ ) 1 - 1

v 2 (u ,犥
ԫ ockl.SorrespondstotheregimR.in theuuplane

n

R , u Ἰ PLZEZ ) ԫᅩ yfxsfuy) ጱԫᅩ ffxcumfcvydA
ԫ fffxwofǐandvduUt

Bypwb 1
,
weknowthatthep.df.cof Z =xtǐis

v2 (Z-v)
2

fffanfwndv ԫ ud Pē犋 2 -2622 dv
-
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# 2 (a) :

Thep.d.f.ofZ-xtYistifi-z.CZv)
2

2622 dv ) ( completethe
square . )
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deviation 6 ԫ牏 6.2+622 牐



# 2 (b).

By # 2 (a) , Zz ԫX.txzisanormallydistributedvariablewith.nl
ԫ0 andstaudarddeviohu 62+62 ԫ

F6.BY#2ca),Z3=XstXztX3=ZztX3,isanormallydistributed
variablewithu-oandstaudard.deviatu

ஞ6)462 ԫ  6.

Supposethat ZiX.t-txuisanormalydistributedvariablewith.nl
ԫ 0 and staudarddeviciu F 6.

Theu Znt , ԫX.t.tl/nt,=ZntXnt,isanormallydistributedvariablewithu=oaud Standarddeviation

Cfn 6)
2+62 ԫ n.tl 6.

Heuubymathematicd induction
,
weshowthat

1 -22
Znhasp.d.f.fi) =

2㸃 6
2n 62 tralln GN .


